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The pseudo-intersection number, denoted p, is the minimum cardinality of a family A ⊆
P(ω) having the strong ﬁnite intersection property but no inﬁnite pseudo-intersection.
For every countable topologizable group G , let pG denote the minimum character of a
nondiscrete Hausdorff group topology on G which cannot be reﬁned to a nondiscrete
metrizable group topology. We show that pG = p.
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1. Introduction
The pseudo-intersection number, denoted p, is the minimum cardinality of a family A ⊆ P(ω) having the strong ﬁnite
intersection property but no inﬁnite pseudo-intersection. Here, ω is the ﬁrst inﬁnite cardinal and P(ω) = {A: A ⊆ ω}.
A family A ⊆ P(ω) has the strong ﬁnite intersection property if for every ﬁnite B ⊆ A, ⋂B is inﬁnite. A subset A ⊆ ω is a
pseudo-intersection of A if for every B ∈ A, A \ B is ﬁnite. See [2] for more information about p and other cardinal invariants
of the continuum.
Deﬁnition 1.1. For every countable topologizable group G , let pG denote the minimum character of a nondiscrete Hausdorff
group topology on G which cannot be reﬁned to a nondiscrete metrizable group topology.
Equivalently, pG is the supremum of all cardinals κ such that every nondiscrete Hausdorff group topology on G of
character < κ has a nondiscrete metrizable reﬁnement. A group is topologizable if it admits a nondiscrete Hausdorff group
topology. There are countably inﬁnite nontopologizable groups [5]. The character of a group topology is the minimum cardi-
nality of a neighborhood base at the identity. A group topology is metrizable if and only if it is Hausdorff and has countable
character (see [3, Theorem 8.3]).
The purpose of this paper is to prove the following result.
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The paper is organized as follows.
In Section 2, we describe the largest group topology on a countable group in which a given sequence converges to the
identity. This gives us a method of topologizing a countable group. We illustrate it by proving Markov’s criterion [4]. Our
exposition is an improved version of that from [6].
Then, in Section 3, we use this method to prove Theorem 1.2. Before the proof itself we establish several auxiliary
statements. In particular, we prove a result on the lattice of group topologies.
2. The topology T ((an)∞n=1)
Deﬁnition 2.1. For every ﬁlter F on a group G , let T (F) denote the largest group topology on G in which F converges
to 1.
Of special interest is the case when the ﬁlter F is generated by a sequence (an)∞n=1, that is, F has a base consisting of
subsets {an: n m}, where m ∈ N. Then T (F) is the largest group topology on G in which (an)∞n=1 converges to 1. In this
case we write T ((an)∞n=1) instead of T (F).
Deﬁnition 2.1 is justiﬁed by the fact that for every family {Ti: i ∈ I} of group topologies on G , the least upper bound∨
i∈I Ti taken in the lattice of all topologies on G is a group topology.
Our nearest aim is to describe the topology T (F).
We start with the following well-known characterization of the neighborhood ﬁlter at the identity in a topological group
(see [1, Chapter III, §1, No. 2]).
Proposition 2.2. A ﬁlter F on a group G is the neighborhood ﬁlter at 1 in a group topology if and only if
(1) for every U ∈ F , there is V ∈ F such that V V ⊆ U ,
(2) for every U ∈ F , U−1 ∈ F , and
(3) for every U ∈ F and x ∈ G, xUx−1 ∈ F .
The corresponding topology is Hausdorff if and only if
(4)
⋂F = {1}.
Note that conditions (2) and (3) in Proposition 2.2 are equivalent, respectively, to
(2′) F−1 = F , and
(3′) for every x ∈ G , xFx−1 = F ,
where F−1 = {A−1: A ∈ F} and xFx−1 = {xAx−1: A ∈ F}.
Deﬁnition 2.3. For every ﬁlter F on a group G , let F˜ denote the ﬁlter with a base consisting of subsets of the form⋃
x∈G
x
(
Ax ∪ A−1x ∪ {1}
)
x−1,
where for each x ∈ G , Ax ∈ F .
Lemma 2.4. For every ﬁlter F on a group G, F˜ is the largest ﬁlter contained in F such that
(i) 1 ∈⋂ F˜ ,
(ii) F˜−1 = F˜ , and
(iii) for every x ∈ G, xF˜x−1 = F˜ .
Proof. That F˜ satisﬁes (i) is obvious. To check (ii) and (iii), let Ax ∈ F for each x ∈ G . Then(⋃
x∈G
x
(
Ax ∪ A−1x ∪ {1}
)
x−1
)−1
=
⋃
x∈G
x
(
Ax ∪ A−1x ∪ {1}
)
x−1.
Consequently, F˜−1 = F˜ . Next, for every y ∈ G ,
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(⋃
x∈G
x
(
Ax ∪ A−1x ∪ {1}
)
x−1
)
y−1 =
⋃
x∈G
yx
(
Ax ∪ A−1x ∪ {1}
)
(yx)−1
=
⋃
x∈G
x
(
Ay−1x ∪ A−1y−1x ∪ {1}
)
x−1
=
⋃
x∈G
x
(
Bx ∪ B−1x ∪ {1}
)
x−1,
where Bx = Ay−1x for each x ∈ G . It follows that yF˜ y−1 = F˜ .
To see that F˜ is the largest ﬁlter on G contained in F and satisfying (i)–(iii), let G be any such ﬁlter and let A ∈ G . Then
1 ∈ A and for each x ∈ G , there is Ax ∈ G such that x(Ax ∪ A−1x )x−1 ⊆ A. Since G ⊆ F , Ax ∈ F for each x ∈ G . Deﬁne B ∈ F˜
by
B =
⋃
x∈G
x
(
Ax ∪ A−1x ∪ {1}
)
x−1.
Then B ⊆ A, and so A ∈ F˜ . 
For every n ∈N, let Sn denote the set of all permutations on {1, . . . ,n}.
Theorem 2.5. For every ﬁlter F on a group G, the neighborhood ﬁlter at 1 in T (F) has a base consisting of subsets of the form
∞⋃
n=1
⋃
π∈Sn
n∏
i=1
Bπ(i),
where (Bn)∞n=1 is a sequence of members of F˜ .
Proof. Clearly such subsets form a base for a ﬁlter N on G . In order to show that N is the neighborhood ﬁlter at 1 in
a group topology T on G , it suﬃces to check conditions (1)–(3) from Proposition 2.2. Let (Bn)∞n=1 be any sequence of
members of F˜ .
To check (1), deﬁne the sequence (Cn)∞n=1 in F˜ by Cn = B2n ∩ B2n−1. Then for every n ∈N and π,ρ ∈ Sn ,
n∏
i=1
Cπ(i)
n∏
i=1
Cρ(i) ⊆
n∏
i=1
B2π(i)−1
n∏
i=1
B2ρ(i) =
2n∏
j=1
Bσ ( j),
where σ ∈ S2n is deﬁned by
σ( j) =
{
2π( j) − 1 if j  n,
2ρ( j − n) if j > n.
It follows that( ∞⋃
n=1
⋃
π∈Sn
n∏
i=1
Cπ(i)
)( ∞⋃
n=1
⋃
π∈Sn
n∏
i=1
Cπ(i)
)
⊆
∞⋃
n=1
⋃
π∈Sn
n∏
i=1
Bπ(i).
To check (2), deﬁne the sequence (Cn)∞n=1 in F˜ by Cn = B−1n (Lemma 2.4). Then for every n ∈N and π ∈ Sn ,(
n∏
i=1
Bπ(i)
)−1
=
n∏
i=1
B−1ρ(i) =
n∏
i=1
Cρ(i),
where ρ ∈ Sn is deﬁned by ρ(i) = π(n + 1− i). Consequently,( ∞⋃
n=1
⋃
π∈Sn
n∏
i=1
Bπ(i)
)−1
=
∞⋃
n=1
⋃
π∈Sn
n∏
i=1
Cπ(i).
To check (3), let x ∈ G . Deﬁne the sequence (Cn)∞n=1 in F˜ by Cn = x−1Bnx (Lemma 2.4). Then for every n ∈N and π ∈ Sn ,
x
(
n∏
Bπ(i)
)
x−1 =
n∏
xBπ(i)x
−1 =
n∏
Cπ(i).
i=1 i=1 i=1
Y. Zelenyuk / Topology and its Applications 158 (2011) 1172–1178 1175Consequently,
x
( ∞⋃
n=1
⋃
π∈Sn
n∏
i=1
Bπ(i)
)
x−1 =
∞⋃
n=1
⋃
π∈Sn
n∏
i=1
Cπ(i).
Now let G be endowed with any group topology T ′ in which F converges to 1 and let U be a neighborhood of 1. Note
that every neighborhood of 1 is a member of F˜ (Lemma 2.4). Choose inductively a sequence (Vn)∞n=0 of neighborhoods of
1 such that V0 = U and
Vn+1Vn+1Vn+1 ⊆ Vn
for each n. Then whenever n1, . . . ,nk are different numbers in N, one has
Vn1 · · · Vnk ⊆ Vn,
where n = min{n1, . . . ,nk} − 1. It follows that
∞⋃
n=1
⋃
π∈Sn
n∏
i=1
Vπ(i) ⊆ U .
Hence T ′ ⊆ T . 
Now we specify Theorem 2.5 in the case where G is countable and F is generated by a sequence.
Convention. Throughout the rest of the paper, G will denote a countably inﬁnite group enumerated as {gn: n < ω} without
repetitions and with g0 = 1.
It then follows from Theorem 2.5 that for every sequence (an)∞n=1 in G , the neighborhood ﬁlter at 1 in T ((an)∞n=1) has a
base consisting of subsets of the form
∞⋃
n=1
⋃
π∈Sn
n∏
i=1
Bmπ(i) ,
where (mi)∞i=1 is a sequence in N and Bm =
⋃∞
j=0 g j{1,a±1m+ j,a±1m+ j+1, . . .}g−1j .
Deﬁnition 2.6. (i) For every inﬁnite sequence (an)∞n=1 in G , deﬁne the subset U ((an)∞n=1) ⊆ G by
U
(
(an)
∞
n=1
)= ∞⋃
n=1
⋃
π∈Sn
n∏
i=1
Bπ(i),
where Bi =⋃∞j=0 g j{1,a±1i+ j,a±1i+ j+1, . . .}g−1j .
(ii) For every ﬁnite sequence a1, . . . ,an in G , deﬁne U (a1, . . . ,an) ⊆ G by
U (a1, . . . ,an) =
⋃
π∈Sn
n∏
i=1
Bnπ(i),
where Bni =
⋃n−i
j=0 g j{1,a±1i+ j,a±1i+ j+1, . . . ,a±1n }g−1j . That is, U (a1, . . . ,an) consists of all elements of the form
g j1c1g
−1
j1
· · · g jncn g−1jn ,
where ji ∈ {0, . . . ,n − π(i)} and ci ∈ {1,a±1π(i)+ ji , . . . ,a±1n } for each i = 1, . . . ,n, and π ∈ Sn . In particular, U (a1) = {1,a±11 }.
Also put U (∅) = {1}.
(iii) For every ﬁnite sequence a1, . . . ,an−1 in G , let T (a1, . . . ,an−1, x) denote the set of group words f (x) in the alphabet
G ∪ {x} in which variable x occurs and which have the form
f (x) = g j1c1g−1j1 · · · g jncn g−1jn ,
where ji ∈ {0, . . . ,n − π(i)} and ci ∈ {1,a±1π(i)+ ji , . . . ,a±1n−1, x±1} for each i = 1, . . . ,n, and π ∈ Sn . In particular, T (x) consists
of two group words x and x−1.
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(1) U ((an)∞n=1) is a neighborhood of 1 in T ((an)∞n=1),
(2) U ((an)∞n=1) =
⋃∞
n=1 U (a1, . . . ,an),
(3) U (a1, . . . ,an) = U (a1, . . . ,an−1) ∪ { f (an): f (x) ∈ T (a1, . . . ,an−1, x)} for every n ∈N, and
(4) for every n ∈N and f (x) ∈ T (a1, . . . ,an−1, x), f (1) ∈ U (a1, . . . ,an−1).
Proof. (1) follows from Theorem 2.5, and (2)–(4) from Deﬁnition 2.6. 
Theorem 2.7 gives us a method of topologizing a countable group. We illustrate it by proving Markov’s criterion [4].
An inequality over G is any expression of the form f (x) 	= b, where f (x) is a group word in the alphabet G ∪ {x} and
b ∈ G .
Theorem 2.8 (Markov’s criterion). A countable group is topologizable if and only if every ﬁnite system of inequalities over it having
one solution has also another solutions.
Proof. Necessity is obvious. Indeed, let T be a nondiscrete Hausdorff group topology on G . Consider any ﬁnite system of
inequalities over G , say f i(x) 	= bi , where i = 1, . . . ,n, having a solution, say a ∈ G , that is, f i(a) 	= bi for each i = 1, . . . ,n.
Since T is a group topology, each f i(x) gives us a continuous function on (G,T ). Consequently, since T is Hausdorff, there
is a neighborhood U of a in T such that bi /∈ f i(U ) for each i = 1, . . . ,n. Then every element of U is a solution of the
system, and since T is nondiscrete, U \ {a} 	= ∅.
The proof of suﬃciency is based on Theorem 2.7. It is enough to construct a sequence (an)∞n=1 in G \ {1} such that
gi /∈ U (ai,ai+1, . . . ,an)
for each n ∈N and i = 1, . . . ,n. This implies that
gi /∈ U
(
(an)
∞
n=i
)
for each i ∈N. Then the topology T ((an)∞n=1) would be nondiscrete and Hausdorff.
At the ﬁrst step pick any a1 ∈ G \ {1, g±11 }. Then g1 /∈ U (a1).
Now ﬁx n ∈ N and suppose that elements a1, . . . ,an ∈ G have already been chosen so that gi /∈ U (ai, . . . ,an) for each
i = 1, . . . ,n. We need to ﬁnd an+1 ∈ G \ {1} such that gi /∈ U (ai, . . . ,an+1) for each i = 1, . . . ,n + 1. Since
U (ai, . . . ,an+1) = U (ai, . . . ,an) ∪
{
f (an+1): f (x) ∈ T (ai, . . . ,an, x)
}
,
it follows that gi /∈ U (ai, . . . ,an+1) for each i = 1, . . . ,n + 1 if and only if an+1 is a solution of the system of inequalities
f (x) 	= gi,
where i = 1, . . . ,n + 1 and f (x) ∈ T (ai, . . . ,an, x). Since f (1) ∈ U (ai, . . . ,an) for each i = 1, . . . ,n + 1 and f (x) ∈ T (ai, . . . ,
an, x), 1 is a solution of this system. Hence, there is a solution an+1 	= 1. 
3. Proof of Theorem 1.2
Before proving Theorem 1.2 we establish several auxiliary statements.
Lemma 3.1. Let T be a nondiscrete group topology on G, let (Vn)∞n=1 be a sequence of neighborhoods of 1, and let A ⊆ G be such that
1 ∈ clT A \ A. Then there is a sequence (an)∞n=1 in A such that
U
(
(an)
∞
n=i
)⊆ Vi
for every i ∈N.
Proof. Construct inductively a sequence (an)∞n=1 in A such that
U (ai, . . . ,an) ⊆ Vi
for every n ∈N and i = 1, . . . ,n.
Without loss of generality one may assume that all Vn are open. Pick a1 ∈ A ∩ V1 ∩ V−11 . Then U (a1) ⊆ V1.
Now ﬁx n > 1 and suppose that elements a1, . . . ,an−1 ∈ A have already been chosen so that
U (ai, . . . ,an−1) ⊆ Vi
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one has f (Wn) ⊆ Vi , – this can be done because f (1) ∈ U (ai, . . . ,an−1). Pick an ∈ A ∩ Vn ∩ V−1n ∩ Wn . Then U (an) ⊆ Vn and
for every i = 1, . . . ,n − 1,
U (ai, . . . ,an) = U (ai, . . . ,an−1) ∪
{
f (an): f (x) ∈ T (ai, . . . ,an−1, x)
}⊆ Vi . 
Lemma 3.2. Let T be a nondiscrete Hausdorff group topology on G and let A ⊆ G be such that 1 ∈ clT A \ A. Then there is a sequence
(an)∞n=1 in A such that
(i) an /∈ U (a1, . . . ,an−1) for every n ∈N, and
(ii) whenever k ∈N and 1 n1 < · · · < nk < ω,
U (an1 , . . . ,ank ) \ U (an1 , . . . ,ank−1) ⊆ U (a1,a2, . . . ,ank ) \ U (a1,a2, . . . ,ank−1).
Proof. Construct inductively a sequence (an)∞n=1 in A such that for every n ∈N and f (x) ∈ T (a1, . . . ,an−1, x), either f (an) =
f (1) or f (an) /∈ U (a1, . . . ,an−1). Then (i) is satisﬁed because x ∈ T (a1, . . . ,an−1, x) and 1 /∈ A. To check (ii), let
g ∈ U (an1 , . . . ,ank ) \ U (an1 , . . . ,ank−1).
Then g = f (ank ) for some f (x) ∈ T (an1 , . . . ,ank−1 , x). Since
T (an1 , . . . ,ank−1 , x) ⊆ T (a1, . . . ,ank−1, x),
f (x) ∈ T (a1, . . . ,ank−1, x), and since g /∈ U (an1 , . . . ,ank−1 ), f (ank ) 	= f (1). Hence by the construction, g = f (ank ) /∈ U (a1, . . . ,
ank−1). 
Lemma 3.3. Let T be a nondiscrete Hausdorff group topology on G and let U ⊆ T . Then there is a Hausdorff group topology T ′ on G
such that U ⊆ T ′ ⊆ T and the character of T ′ does not exceed max{ω, |U |}.
Proof. It suﬃces to show that for every U ∈ U , there is a Hausdorff metrizable group topology TU on G such that U ∈
TU ⊆ T . Then the topology T ′ =∨U∈U TU would be as required.
Let V = {Ux−1: x ∈ U }. Enumerate V and G \ {1} as {Vn: n ∈ N} and {xn: n ∈ N}, respectively. Construct inductively a
sequence (Wn)∞n=0 of neighborhoods of 1 in T such that W0 = G and for every n ∈N the following conditions are satisﬁed:
(a) Wn ⊆ Vn ,
(b) xn /∈ Wn ,
(c) WnWn−1 ⊆ Wn−1, and
(d) xkWnxk−1 ⊆ Wn−1 for all k = 1, . . . ,n.
It follows from (b)–(d) that there is a group topology TU on G for which {Wn: n ∈N} is a neighborhood base at 1. Then TU
is metrizable, TU ⊆ T and by (a), U ∈ TU . 
For every group topology T0 on G , let T 
0 denote the lattice of all group topologies T such that T0 ⊆ T . Let F0 denote
the Fréchet ﬁlter on N and F
0 the lattice of all ﬁlters F such that F0 ⊆ F .
Theorem 3.4. Let T ′ be a nondiscrete metrizable group topology on G. Then there is a metrizable group topology T0 ⊇ T ′ and a
mapping h : G →N such that
T 
0  T → h
(N (T )) ∈ F
0
is a surjective order preserving mapping.
Here, N (T ) denotes the neighborhood ﬁlter of 1 in T , and h(N (T )) the ﬁlter on N with a base consisting of subsets
h(U ) where U ∈ N (T ).
Proof of Theorem 3.4. Pick any sequence (bn)∞n=1 in G \ {1} converging to 1 in T ′ and let A = {bn: n ∈ N}. By Lemma 3.2,
there is a sequence (an)∞n=1 in A such that
(i) an /∈ U (a1, . . . ,an−1) for every n ∈N, and
(ii) whenever k ∈N and 1 n1 < · · · < nk < ω,
U (an1 , . . . ,ank ) \ U (an1 , . . . ,ank−1) ⊆ U (a1,a2, . . . ,ank ) \ U (a1,a2, . . . ,ank−1).
1178 Y. Zelenyuk / Topology and its Applications 158 (2011) 1172–1178Clearly, (an)∞n=1 converges to 1 in T ′ . By Lemma 3.3, there is a metrizable group topology T0 on G such that
T ′ ⊆ T0 ⊆ T
(
(an)
∞
n=1
)
.
Deﬁne a function h : G →N by the condition that for every n ∈N and x ∈ U (a1, . . . ,an) \ U (a1, . . . ,an−1), h(x) = n.
It is clear that the mapping
T 
0  T → h
(N (T )) ∈ F
0
is order preserving. We need to show that it is surjective.
Let I be an inﬁnite subset of N. Write I as {nk: k ∈ N}, where (nk)∞k=1 is an increasing sequence in N. Deﬁne the group
topology TI on G by
TI = T
(
(ank )
∞
k=1
)
.
Then h(N (TI )) is the ﬁlter on N consisting of all subsets J ⊆ N with ﬁnite I \ J . Indeed, for every x ∈ U (an1 , . . . ,ank ) \
U (an1 , . . . ,ank−1 ), one has h(x) = nk , and ank ∈ U (an1 , . . . ,ank ) \ U (an1 , . . . ,ank−1 ).
Now let F be any ﬁlter on N containing F0. Deﬁne the group topology T on G by
T =
∨
I∈F
TI .
Then h(N (T )) = F . 
Now we are in a position to prove Theorem 1.2.
Proof of Theorem 1.2. To prove that pG  p, let T ′ be a nondiscrete Hausdorff group topology on G of character κ < p. We
need to ﬁnd a metrizable group topology T0 ⊇ T ′ . Let {Vα: α < κ} be a neighborhood base at 1 in T ′ . Since κ < p, there is
an inﬁnite pseudo-intersection of the neighborhood base, and consequently, a one-to-one sequence (an)∞n=1 in G converging
to 1. Using Lemma 3.1 and that κ < p, inductively for each α < κ , construct a subsequence (aαn )
∞
n=1 of (an)∞n=1 such that
(i) for each α < κ , U ((aαn )
∞
n=1) ⊆ Vα , and
(ii) for each α  κ and γ < α, {aαn : n ∈N} \ {aγn : n ∈N} is ﬁnite.
Then (aκn )
∞
n=1 is a subsequence of (an)∞n=1 with the following property: for each α < κ , there is i(α) ∈ N such that
U ((aκn )
∞
n=i(α)) ⊆ Vα . By Lemma 3.3, the topology T ((aκn )∞n=1) can be weakened to a metrizable group topology T0 in which
for each i ∈N, U ((aκn )∞n=i) remains a neighborhood of 1. It then follows that T ′ ⊆ T0.
To prove that p  pG , let A be a family of subsets of N having the strong ﬁnite intersection property and with |A| =
κ < pG . We need to ﬁnd an inﬁnite pseudo-intersection of A. Let F be the ﬁlter on N generated by A. Without loss of
generality one may suppose that F contains the Fréchet ﬁlter F0. Since G is topologizable, there is a nondiscrete Hausdorff
group topology T ′ on G , and by Lemma 3.3, T ′ can be chosen to be metrizable. By Theorem 3.4, there is a metrizable group
topology T0 ⊇ T ′ and a mapping h : G →N such that
T 
0  T → h
(N (T )) ∈ F
0
is a surjective order preserving mapping. Pick T ∈ T 
0 such that h(N (T )) = F . Choosing a family U of open neighborhoods
of 1 in T such that |U | = κ and {h(U ): U ∈ U} is a base for F and applying Lemma 3.3, one may suppose that T has
character κ . Since κ < pG , there is a nondiscrete metrizable group topology T1 ⊇ T . Then the ﬁlter F1 = h(N (T1)) has a
countable base, and consequently, an inﬁnite pseudo-intersection A ⊆N. Since F1 ⊇ F ⊇ A, A is also a pseudo-intersection
of A. 
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